The Cesaro summability of trigonometric Fourier series is investigated in the weighted Lebesgue spaces in a two-weight case, for one and two dimensions. These results are applied to the prove of two-weighted Bernstein's inequalities for trigonometric polynomials of one and two variables.
Introduction
It is well known that (see [9] ) Cesaro means of 2π-periodic functions f ∈ L p (T) (1 ≤ p ≤ ∞) converges by norms. Hereby T is denoted the interval (−π,π). The problem of the mean summability in weighted Lebesgue spaces has been investigated in [6] .
A 2π-periodic nonnegative integrable function w : T → R 1 is called a weight function. In the sequel by L p w(T), we denote the Banach function space of all measurable 2π-periodic functions f , for which
In the paper [6] it has been done the complete characterization of that weights w, for which Cesaro means converges to the initial function by the norm of L p w(T). Later on Muckenhoupt (see [3] ) showed that the condition referred in [6] (1.2) where p = p/(p − 1) and the supremum is taken over all one-dimensional intervals whose lengths are not greater than 2π.
Mean summability of Fourier trigonometric series
The problem of mean summability by linear methods of multiple Fourier trigonometric series in L p w (T) in the frame of A p classes has been studied in [5] . In the present paper we investigate the situation when the weight w can be outside of A p class. Precisely, we prove the necessary and sufficient condition for the pair of weights (v,w) which governs the (C,α) summability in L p v (T) for arbitrary function f from L p w(T). This result is applied to the prove of two-weighted Bernstein's inequality for trigonometric polynomials. It should be noted that for monotonic pairs of weights for (C,1) summability was studied in [7] .
Let
.
In the sequel we will need the following well-known estimates for Cesaro kernel (see [9, pages 94-95]):
when 0 < |t| < π.
Two-weight boundedness and mean summability (one-dimensional case)
Let us introduce the certain class of pairs of weight functions. 
where the least upper bound is taken over all one-dimensional intervals by lengths not more than 2π.
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The proof is based on the following statement.
For the validity of the inequality
, where the constant c does not depend on n and f , it is necessary and sufficient that (v,w) ∈ Ꮽ p (T).
Note that the condition (v,w) ∈ Ꮽ p (T) is also necessary and sufficient for boundedness of
First of all let us prove two-weighted inequality for the average
The last functions are an extension of Steklov means.
is satisfied for all intervals I, |I| ≤ 2π, then there exists a positive constant c such that for arbitrary f ∈ L p w(T) and h > 0 the following inequality holds:
Proof. Let h ≤ π and N be the least natural number for which Nh ≥ π. Then we have
4 Mean summability of Fourier trigonometric series
Arguing to the condition (2.5) we conclude that
Using [2, Proposition 5.1.3] we obtain that
Theorem is proved.
Note that Theorem 2.4 is proved in [4] in the case β = 0.
Proof of Theorem 2.3. Let us show that
where the constant c 0 does not depend on f and h. By reversing the order of integration in the right side integral of (2.10), we get that it is more than or equal to
Indeed, let us show that for |x − t| ≤ π, the inequality 2π max{|x−t|,1/n}
where c does not depend on x, t, and n.
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To prove the latter inequality we consider two cases.
(a) Let |x − t| < 1/n. Then
Then for the sake of the fact |x − t| ≤ π, we conclude that
which implies the desired result. Using the estimates (1.7) we obtain that
Thus we obtain (2.10). Passing to the norms in (2.10), then applying Theorem 2.4 by Minkowski's integral inequality we obtain that
Now we will prove that from (2.3) it follows that (v,w) ∈ Ꮽ p (T). If the length of the interval I is more than π/4, the validness of the condition (2.1) is clear. Let now |I| ≤ π/4. Let m be the greatest integer for which
Then we have
6 Mean summability of Fourier trigonometric series Then applying Abel's transform we get that for x and t from I, the following estimates are true: 
for m which was indicated above. Then we obtain
From the last inequality by (2.20) we conclude that
Thus from (2.3) it follows that (v,w) ∈ Ꮽ p (T).
Proof of Theorem 2.2. Let us show that if (v,w)
Consider the sequence of linear operators:
. Indeed applying Hölder's inequality we get
By our assumptions all these integrals are finite, the constant
does not depend on f .
A. Guven and V. Kokilashvili 7 Then since (v,w) ∈ Ꮽ p (T) by Theorem 2.3, we have that the sequence of operators norms is bounded. On the other hand, the set of all 2π-periodic continuous on the line functions is dense in L p w(T). It is known (see [9] ) that the Cesaro means of continuous function uniformly converges to the initial function and since v ∈ L 1 (T) they converge in L Theorem is proved.
On the mean (C, α, β) summability of the double trigonometric Fourier series
Let T 2 = T × T and f (x, y) be an integrable function on T 2 which is 2π-periodic with respect to each variable. Let
λ mn a mn cos mx cos ny + b mn sinmx sinmy + c mn cos mx sinny + d mn sinmx sinny ,
where
be the Cesaro means for the function f , where S i j (x, y, f ) are partial sums of (3.1). We consider the mean summability in weighted space defined by the norm
where w is a weight function of two variables. In this section our goal is to prove the following result and some its converse. 
In the sequel the set of all pairs with the condition (3.5) will be denoted by Ꮽ p (T 2 ,J). Here J denotes the set of all rectangles with parallel to the coordinate axes.
The proof of this theorem is based on the following statement.
with the constant c independent of m, n, and f . Proof. Let h ≤ π and k ≤ π. Let M and N be the least natural numbers for which Mh ≥ π and Nk ≥ π. Then A. Guven and V. Kokilashvili 9 Using the Hölder's inequality we get
By the condition Ꮽ p (T 2 ,J) we derive that
Consequently,
Proof of Theorem 3.2. Let us prove that
where the constant does not depend on f , x, y, m, and n. If we reverse the order of integration in right side of (3.14), then by the arguments similar to that of the one-dimensional case we obtain that Applying the known estimates for Cesaro kernel from the last estimate we derive that
We proved (3.14).
Note that, in general the convergence of a double sequence does not imply the boundedness of this sequence. Thus we have that
when m ≥ k and n ≥ k.
Let us consider such rectangles that J 0 = I 1 × I 2 and
Then choose the greatest m and n such that
Now it is sufficient to repeat the last part of the proof of previous theorem.
Two-weighted Bernstein's inequalities
Applying the two-norm inequalities for the Cesaro means derived in the previous sections, we are able to prove the two-weighted version of the well-known Bernstein's inequality. For any trigonometric polynomial T n (x) of order ≤ n, for every p
The last inequality is known as integral Bernstein's inequality. The following extension of (4.1) is true.
Theorem 4.1. Let 1 < p < ∞ and assume that (v,w) ∈ Ꮽ p (T). Then the two-weighted inequality
holds. Also for the conjugate trigonometric polynomial T n , we have
Proof. It is well known that
cos ku (4.5)
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If we use Theorem 2.3, we get that
For the conjugate of T n , we have If we take the norms and consider Theorem 3.2, we obtain the desired inequality.
